Repeated interactions and quantum stochastic thermodynamics at strong
  coupling by Strasberg, Philipp
ar
X
iv
:1
90
7.
01
80
4v
1 
 [q
ua
nt-
ph
]  
3 J
ul 
20
19
Repeated interactions and quantum stochastic thermodynamics at strong coupling
Philipp Strasberg
F´ısica Teo`rica: Informacio´ i Feno`mens Qua`ntics, Departament de F´ısica,
Universitat Auto`noma de Barcelona, 08193 Bellaterra (Barcelona), Spain
(Dated: July 4, 2019)
We show that the thermodynamic framework of repeated interactions can be generalized to an
arbitrary open quantum system in contact with a single heat bath. Based on this we then extend
our findings to arbitrary measurements performed on the system. By construction, this constitutes
a direct experimentally testable framework in strong coupling quantum thermodynamics. Moreover,
the results are of importance in the experimentally relevant situation where only subsystems of a
thermodynamic device can be accessed. Finally, the setting allows us to rigorously investigate the
interplay between non-Markovianity and nonequilibrium thermodynamics.
I. INTRODUCTION
Formulating the laws of quantum thermodynamics
forces us to rethink many assumptions, which are tradi-
tionally taken for granted in thermodynamics. In par-
ticular, small systems can be dominated by quantum
and thermal fluctuations and in general they do not in-
teract with an idealized weakly coupled and Markovian
heat bath. Furthermore, experiments nowadays allow to
probe the effect of nonequilibrium resources in a con-
trolled way and the non-trivial effect of quantum mea-
surements adds another layer of complexity, but also
opens up new possibilities [1–7].
Here, we present a unified thermodynamic framework,
which applies to an arbitrary quantum system in con-
tact with a single (not necessarily weakly coupled or
Markovian) heat bath and which is allowed to interact
with nonequilibrium resources in a controlled way. These
nonequilibrium resources are a set of small, externally
prepared systems – called ‘units’ in the following – which
are sequentially put into contact with the system under
study. This setup is known as the ‘repeated interaction
framework’ or ‘collisional model’ and it has recently at-
tracted much attention in quantum thermodynamics [8–
17]. However, the coupling to an additional external heat
bath (typically present in an experiment) was mostly ig-
nored, a weakly coupled Markovian one was only treated
in Ref. [12]. Based on recent progress in strong coupling
thermodynamics [18, 19], we will show that even the as-
sumption of a weakly coupled macroscopic heat bath can
be completely overcome.
Afterwards, following the operational approach to
quantum stochastic thermodynamics [20, 21], we will
show how to explicitly take into account measurements
into the thermodynamic description. This constitutes
a crucial step in strong coupling quantum thermody-
namics where different strategies have been used to ar-
rive at many interesting conclusions [22–39]. However,
all strategies rely on a formalism without any explicit
measurements, thus making them hard to test and com-
pare [40]. In contrast, our theory is in principle immedi-
ately testable in a lab. As an application we point out
how to rigorously detect thermodynamic signatures of
non-Markovianity.
II. SETTING
We start with the following Hamiltonian:
Htot(λt) = HS(λt) + VSB +HB
+
n∑
k=0
[HU(k) + VSU(k)(λt)].
(1)
The first line describes a system S (in principle con-
trolled via an explicitly time-dependent external proto-
col λt) in contact with an arbitrary bath B. The sec-
ond line describes a set of mutually non-interacting units
U(k), k ∈ {0, . . . , n}, which interact one by one with
the system. This means that, if we denote the inter-
action interval between the system and the k’th unit
by Ik ≡ [tk, tk+1), then VSU(k)(λt) = 0 for all t /∈ Ik.
Within Ik the coupling VSU(k)(λt) can vary arbitrarily.
The global initial state prior to the time t0 is assumed to
be of the form
ρtot(t
−
0 ) = πSB(λ0)⊗ ρU(0) ⊗ · · · ⊗ ρU(n). (2)
Here and in general we use the notation t± to denote
the time t ± ǫ in the limit where ǫ > 0 becomes immea-
surably small. Furthermore, πX = e
−βHX/ZX denotes
the equilibrium Gibbs state of some system X at inverse
temperature β (perhaps depending on the value of the
control protocol λt). Finally, the initial state of the units
is arbitrary but uncorrelated.
Below we will need the notion of the ‘Hamiltonian of
mean force’, an old concept [41] (see also Refs. [18, 19,
22]), which is defined via the reduced equilibrium state
of an arbitrary bipartite system XY . Specifically,
π∗X ≡ trY {πXY } ≡
e−βH
∗
X
Z∗X
, Z∗X ≡
ZXY
ZY
. (3)
Note that π∗X 6= πX in general. In addition, H
∗
X de-
pends on the inverse temperature β and (possibly) the
control parameter λt. We notice that the Hamilto-
nian of mean force for the system and all units sim-
plifies as at any given time at most one unit is phys-
ically coupled to the system such that, e.g., for t ∈ Ik,
2H∗
SU(n)(λt) = H
∗
SU(k)(λt)+
∑
i6=k HU(i). Here and in gen-
eral we use U(n) to denote the entire sequence of units
from U(0) to U(n).
The average rate of injected work (the power) has two
contributions. For t ∈ Ik we define
W˙S(t) = trS
{
∂HS(λt)
∂t
ρS(t)
}
, (4)
W˙SU(k)(t) = trSU(k)
{
∂VSU(k)(λt)
∂t
ρSU(k)(t)
}
, (5)
such that the total mechanical work performed on the
system up to time t is
W (t) =
∫ t
t
−
0
ds[W˙S(s) +
∑
k
W˙SU(k)(s)] (6)
= trSBU(n){Htot(λt)ρtot(t)−Htot(λ
−
0 )ρtot(t
−
0 )}.
Note that this definition of average mechanical work is
widely accepted even in the strong coupling regime [19,
23, 25, 26, 28, 32, 34, 36, 37] as it is directly related to
the change in internal energy of the universe (i.e., the
system, the bath and all units all together).
III. STRONG COUPLING REPEATED
INTERACTIONS FRAMEWORK
We start by introducing the basic concept of a nonequi-
librium free energy adapted to the strong coupling
regime [18, 19],
F ∗X(t) ≡ trX{ρX(t)[H
∗
X(λt) + β
−1 ln ρX(t)]}. (7)
The conventional definition FX ≡ trX{ρX [HX(λt) +
β−1 ln ρX ]} differs from the strong coupling version only
by using the bare Hamiltonian instead of the Hamilto-
nian of mean force. This slight redefinition allows us to
express the second law of thermodynamics even at strong
coupling and even in presence of the system-unit inter-
actions in the conventional way:
Σcor(t) = β[W (t)−∆F
∗
SU(n)(t)] ≥ 0, (8)
where ∆F ∗
SU(n)(t) ≡ F
∗
SU(n)(t) − F
∗
SU(n)(t
−
0 ). Positivity
of the second law follows by confirming that
Σcor(t) = D[ρtot(t)‖πtot(λt)]−D[ρSU(n)(t)‖π
∗
SU(n)(λt)],
(9)
where D[ρ‖σ] = tr{ρ(ln ρ − lnσ)} ≥ 0 denotes the
quantum relative entropy. Hence, Σcor(t) is positive
by monotonicity of relative entropy [42, 43]. To link
Eq. (8) to Eq. (9), we only used the unitarity of the
dynamics, which implies for the von Neumann entropy
S[ρtot(0)] ≡ −trSBU(n){ρtot(0) ln ρtot(0)} = S[ρtot(t)],
and the particular form (2) of the initial state.
Notice that we added the subscript “cor” in Eq. (8)
to indicate that this second law includes all correlations
between the system and the units after their interaction.
It corresponds to the second law if we regard the system
and all units as one big system. In practice it often turns
out that keeping the information about all units and all
their correlations is superfluous (compare also with the
discussion in Ref. [12]). Thus, at time t−n+1 after the
n’th interaction but before the (n + 1)’th interaction,
where the system is shortly decoupled from all units, the
following second law is practically more meaningful,
Σ(t−n+1) = β
[
W (t−n+1)−∆F
∗
S(t
−
n+1)−
n∑
i=0
∆FU(i)
]
≥ Σcor(t
−
n+1) ≥ 0. (10)
To arrive at this result, we also used subadditivity of en-
tropy. In contrast to Eq. (8), it contains only the changes
in the marginal free energies (and thus, in the marginal
von Neumann entropies) of the units. The entropy pro-
duction per interaction interval In is then given by
Σ(t−n+1)− Σ(t
−
n ) =
β[W (t−n+1)−W (t
−
n )−∆F
∗
S(t)−∆FU(n)(t)].
(11)
It is the strong coupling generalization of the second law
in the repeated interaction framework, see Eq. (49) in
Ref. [12]. Interestingly, in contrast to the Markovian
weak coupling situation, we cannot ensure the positivity
of this expression. This is similar to the classical case [19]
and we will come back to this later on.
Similar to Ref. [12] the present framework allows to
treat a variety of applications and it is interesting to in-
vestigate the thermodynamic behaviour of, e.g., strongly
coupled micromasers or Maxwell demons. We decide,
however, to advance rather conceptually by introducing
explicit measurements in the description, leaving poten-
tial applications to future work.
IV. QUANTUM STOCHASTIC
THERMODYNAMICS AT STRONG COUPLING
Before we introduce explicit measurements, we con-
sider the limit of an instantaneous system-unit inter-
action, ideally described by a coupling of the form
VSU(k)(λt) = vkδ(t − tk). While this step is not neces-
sary from a thermodynamic perspective, it will allow to
rigourously connect our framework to the theory of quan-
tum stochastic processes [44–46], see below. It gives rise
to an instantaneous unitary operation correlating the sys-
tem and unit via VkρS(t
−
k )ρU(k) ≡ e
−ivkρS(t
−
k )ρU(k)e
ivk
(~ ≡ 1). The entire system-bath-unit state hence evolves
in the stroboscopic fashion
ρSBU(n)(t
−
n+1) =
(
n∏
k=0
Uk+1,kVk
)
ρSBU(n)(t
−
0 ), (12)
where Uk+1,k describes the unitary system-bath evolution
within (tk, tk+1). In this limit the work (5) required to
3couple and decouple the system and k’th unit becomes
Wctrl(tk) ≡ lim
ǫց0
∫ tk+ǫ
tk−ǫ
dtW˙SU(k)(t) = (13)
trSBU(k){[HS(λk) + VSB +HU(k)](Vk − I)ρSBU(k)(t
−
k )},
where I denotes the identity operation. We here assumed
that the system Hamiltonian HS(λk) at time tk depends
continuously on time and hence, does not contribute to
the work in the limit ǫ → 0. Eq. (13) generalizes the
‘switching work’ from Ref. [12] or the ‘control work’ from
Ref. [20, 21] to the strong coupling case by noting that
the change in the energy stored in the system-bath inter-
action VSB is non-negligible in general.
Following Ref. [20, 21], we now introduce additional
measurements of the outgoing unit stream. In fact, the
outgoing units constitute an ideal way to probe the state
of the system, compare also with the experiments [1–
4]. Mathematically, we denote the measurement result
of the k’th unit by rk and associate a positive opera-
tor Prk to it, which fulfills the normalization condition∑
rk
P 2rk = 1U . The state of the unit then changes ac-
cording to the map PrkρU ≡ PrkρUPrk ≡ ρ˜U (rk). Notice
that ρ˜U (rk) is a subnormalized state with the probability
p(rk) = trU(k){ρ˜U (rk)} as its norm. Measuring the unit
after the unitary interaction Vk, the system-unit state
changes to ρ˜SU(k)(rk) = PrkVkρS(t
−
k )ρU(k). This consti-
tutes the most general framework in quantum measure-
ment theory [47, 48]. Hence, if we measure all outgoing
units, we can generalize Eq. (12) to
ρ˜SBU(n)(rn, t
−
n+1) =
(
n∏
k=0
Uk+1,kPrkVk
)
ρSBU(n)(t
−
0 ),
(14)
which is the (unnormalized) state of the universe con-
ditioned on the entire sequence of measurement results
rn = (rn, . . . , r0). When we take the trace over all units,
we obtain
ρ˜SB(rn, t
−
n+1) =
(
n∏
k=0
Uk+1,kArk
)
ρSBU(n)(t
−
0 ). (15)
Here, the so-called ‘instrument’ Ark , defined via its
action ArkσS = trU{PrkVkσSρU(k)} on an arbitrary
system state σS , is a completely positive map such
that Ak ≡
∑
rk
Ark is a completely positive and trace
preserving map. We remark that the application of a
set of instruments Ar0 , . . . ,Arn to an open quantum
system defines a general quantum stochastic process,
which can be formally represented by a ‘quantum comb’
or ‘process tensor’ [44–46]. The sole difference compared
to the most general case is that we do not allow for
real-time feedback control, i.e., the instruments Ark are
not allowed to depend on the previous results rk−1.
This point has an important consequence on the dy-
namics. Namely, since
∑
rk
trU(k){PrkVkρS(t
−
k )ρU(k)} =
trU(k){VkρS(t
−
k )ρU(k)}, the averaged system-bath
state (15) coincides with the unmeasured system-bath
state obtained from Eq. (12), i.e.,∑
rn
ρ˜SB(rn, t
−
n+1) = ρSB(t
−
n+1). (16)
At the moment it remains an open question whether the
thermodynamic treatment of arbitrary feedback control
strategies [20, 21] can be extended beyond the Markovian
regime.
Inspired by Ref. [20, 21], we now introduce the follow-
ing thermodynamic definitions along a single trajectory
characterized by the measurement results rn. First, the
stochastic work W˙S(rn, t) and Wctrl(rn−1, tn) are sim-
ply obtained from Eqs. (4) and (13) by replacing the
unconditional state ρSU(n)(t) with the conditional state
ρSU(n)(rn, t). Notice that the control work at time step
tn does not depend on the last measurement outcome rn
because the measurement Prn acts after the unitary Vn.
Second, we introduce the stochastic nonequilibrium free
energy
F ∗X(rn, t) ≡ trX{ρX(rn, t)[H
∗
X(λt) + β
−1 ln ρX(rn, t)]}
+ β−1 ln p(rn), (17)
which also contains the stochastic entropy [49] associated
to the measurement results rn. From Eq. (16) we imme-
diately obtain the relations
∑
rn
p(rn)W˙S(rn, t) = W˙S(t)
and
∑
rn
p(rn)Wctrl(rn−1, tn) = Wctrl(tn), but in general∑
rn
p(rn)FSU(n)(rn, t) 6= FSU(n)(t). Finally, we intro-
duce the stochastic entropy production
Σcor(rn, t) ≡ β[W (rn, t)−∆FSU(n)(rn, t)]. (18)
As in classical stochastic thermodynamics, it can be neg-
ative along a single trajectory [50, 51]. However, we
will now prove that on average
∑
rn
p(rn)Σcor(rn, t) ≥ 0,
which demonstrates the thermodynamic consistency of
our strong coupling quantum stochastic framework.
This follows from two steps. First, we use our previ-
ously derived second law (8) to arrive at∑
rn
p(rn)Σcor(rn, t)− Σcor(t) = (19)
∑
rn
p(rn)
{
S[ρSU(n)(rn, t)]− ln p(rn)
}
− S[ρSU(n)(t)].
Next, since the measurement superoperators Prk com-
mute with the subsequent time-evolution, we can write
Eq. (14) as
ρ˜SBU(n)(rn, t
−
n+1) =
(
n∏
k=0
Prk
)
ρSBU(n)(t
−
n+1), (20)
where we also used Eq. (12). Thus, at any time the
conditional state follows from the unconditional state by
performing one big joint bare measurement on the units.
It then follows from the Lemma in Ref. [20] (which simply
4combines Theorem 11 of Ref. [48] and Theorem 11.10 of
Ref. [52]) that Eq. (19) is positive. Hence, we conclude
∑
rn
p(rn)Σcor(rn, t) ≥ Σcor(t) ≥ 0. (21)
As before, the (averaged) stochastic entropy produc-
tion Σcor(rn, t) contains the information about all the
correlations in the units, which is typically not needed.
Using subadditivity of entropy, it is again possible to ar-
rive at expressions similar to Eq. (10). Note that, de-
pending on the experimental situation, one could decide
to not only discard information about the unit correla-
tions, but also about the measurement results rn.
V. THERMODYNAMIC SIGNATURES OF
NON-MARKOVIANITY
At the end we briefly investigate the interplay between
non-Markovianity and quantum thermodynamics. This
relation is far from being trivial. Already classically
there is no simple one-to-one correspondence between
non-Markovianity and, e.g., appearances of negative en-
tropy production rates [19]. For quantum systems, where
measurements have a non-trivial impact on the dynam-
ics, there is therefore even less hope to find a simple rela-
tion connecting the two fields. However, non-Markovian
dynamics are ubiquitous and can be beneficial for cer-
tain thermodynamic tasks [19, 53]. Since the present
thermodynamic framework is build on the notion of a
quantum stochastic framework and allows for arbitrary
interventions of the dynamics, it is linked to the rigorous
definition of quantum (non-)Markovianity introduced in
Ref. [54].
We exemplify this by providing a clear operational (but
somewhat minimal invasive) criterion based on thermo-
dynamic quantities to decide whether the dynamics are
non-Markovian. For that purpose we apply a special con-
trol operationAn to the dynamics: Let ρS(t
−
n ) be the sys-
tem state prior to the n’th interaction (this state could
have been previously infered experimentally or computed
theoretically) and define for any system input state σS
the operation AnσS ≡ trS{σS}ρS(t
−
n ). If this operation
is applied to the system at time tn, it effectively replaces
ρS(t
−
n ) by ρS(t
−
n ). This, however, does not correspond to
a trivial operation as it deletes all correlations between
the system and the bath and hence, it deletes all the in-
formation the system can have about the past. It is a
particular example of a more general class of operations
known as ‘causal breaks’. If the dynamics is Markovian,
the subsequent dynamics must be independent of this
causal break [54]. Hence, since thermodynamic quanti-
ties such as work or system free energy only depend on
the state of the system ρS(t), any change of them af-
ter a causal break (compared to the situation where we
do nothing at time tn, i.e., apply the identity operation)
unambiguously reveals non-Markovian dynamics.
Furthermore, we can also extend the results of
Ref. [19], which were derived in a classical setting, to
the quantum case. In there, the situation of a strongly
coupled system prepared in an arbitrary nonequilib-
rium state was considered (no repeated interactions were
present). Then, it was shown that Markovian dynam-
ics necessarily imply a positive entropy production rate
if the system is undriven (i.e., λt = constant). To
link it to the present formalism consider only one unit
U(0), which prepares the system in an arbitrary nonequi-
librium state via the control operation A0. The inte-
grated entropy production at any time t is then given by
Σ(t) = βWctrl(t0)−β∆F
∗
S(t)−β∆FU(0) ≥ 0. The change
in entropy between any two times t2 > t1 > t0 reads
Σ(t2)− Σ(t1) = −β[F
∗
S(t2)− F
∗
S(t1)]
= D[ρS(t1)‖π
∗
S ]−D[ρS(t2)‖π
∗
S ].
(22)
This term is positive if the dynamics are Markovian and
if π∗S is a steady state of the dynamics at any time t.
Interestingly, the latter point is a consequence of Marko-
vianity as we will show below. Before doing so, however,
we conclude that this implies Σ(t2) − Σ(t1) ≥ 0 for a
Markov process in complete analogy to the classical re-
sult [19].
To prove that π∗S is a steady state of the dynamics,
we recall that – according to Ref. [54] – a Markov pro-
cess is characterized by a set of completely positive and
trace-preserving maps {Λ(tℓ, tk)|tℓ > tk} such that the
unnormalized state conditioned on an arbitrary sequence
of control operations A0,A1, . . . ,An can be written as
ρ˜(t+n |An, . . . ,A1,A0) =
AnΛ(tn, tn−1) . . .A1Λ(t1, t0)A0ρS(t
−
0 ).
(23)
Notice that the composition law Λ(t3, t1) =
Λ(t3, t2)Λ(t2, t1) for t3 > t2 > t1 (the ‘quantum
Chapman-Kolmogorov equation’) automatically follows
from that by realizing that the identity operation I is a
legitimate control operation too.
By applying this to our problem, we immediately real-
ize that we obtain the relation
Λ(tk, t0)π
∗
S = π
∗
S (24)
for any tk > t0 and hence, the same holds for any inter-
mediate map Λ(tℓ, tk) (tℓ > tk). Note that the assump-
tion of no driving as well as the particular form of the
initial system-bath state [ρSB(t
−
0 ) = πSB] is crucial to
arrive at this conclusion. Thus, for a Markov process the
positivity of Eq. (22) is ensured.
It is, of course, worth to point out that in general,
for an initially correlated state of the form πSB, there
exists no such set of completely positive and trace-
preserving maps {Λ(tℓ, tk)|tℓ > tk}. Obviously, this sim-
ply shows that one should not typically expect Marko-
vian behaviour in strongly coupled systems. Neverthe-
less, in particular – and not necessarily uninteresting –
limiting cases this can still be the case, e.g., in the limit of
5time-scale separation [55], which allows in the quantum
case to derive a Markovian master equation in a Polaron
frame [24, 27, 28].
VI. CONCLUDING REMARKS
Based on many previous results (see references), the
present contribution establishes a consistent thermo-
dynamic framework – even along a single trajectory
recorded in an experiment – for a system in contact with
an arbitrary bath and additionally subjected to arbitrary
nonequilibrium resources interacting one by one with the
system. This pushes the applicability of nonequilibrium
thermodynamics far beyond its traditional limits.
Exploring its consequences in particular applications
remains an open task for the future. We here emphasize
that our results cannot only be used to treat a single
system in strong contact with a heat bath. They are
also useful in the case where a multi-partite system is
in weak contact with a Markovian bath, but where it is
experimentally only possible to access one subsystem of
the total composite. Extending the current framework
to the presence of multiple heat reservoirs seems to be a
fundamental challenge for the future.
We further remark that the general identities (8), (10)
and (21) still hold in the case where the system-bath
coupling Hamiltonian is time-dependent, i.e., if VSB =
VSB(λt) in Eq. (1). This can be readily checked, but for
ease of presentation we did not put any emphasis on that.
Finally, the present work also demonstrates how quan-
tum stochastic thermodynamics departs from its classi-
cal version in the strong coupling regime [18, 19, 55–57].
While the basic concepts at the unmeasured level are
similar (using the Hamiltonian of mean force), any possi-
ble measurement strategy has a non-trivial influence on
the description in the quantum regime, even on aver-
age. For instance, in general there is a strict inequality
on the left hand side of Eq. (21). This is not a defi-
ciency of our theory, but a necessary ingredient, which
can be already recognized at the level of the work statis-
tics [58]. Quantum stochastic thermodynamics is more
than a mere extension of its classical counterpart. The
present operational approach is, however, flexible enough
to reproduce the unmeasured picture: it is recovered by
choosing the trivial but legitimiate measurement opera-
tor Prk = 1U(k), i.e., the identity. Then, the stochastic
entropy production Σcor(rn) reduces to Σcor.
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